Published by Institute of Physics Publishing for SISSA/ISAS Received: April 16, 2003 Revised: June 18, 2003 Accepted: June 28, 2003

The Seiberg-Witten map for a time-dependent background

Bianca Letizia Cerchiai

Department of Physics and Astronomy, University of North Carolina 296 Phillips Hall, CB#3255, Chapel Hill, NC 27599-3255, USA E-mail: bianca@physics.unc.edu

Abstract: In this paper the Seiberg-Witten map for a time-dependent background related to a null-brane orbifold is studied. The commutation relations of the coordinates are linear, i.e. it is an example of the Lie algebra type. The equivalence map between the Kontsevich star product for this background and the Weyl-Moyal star product for a background with constant noncommutativity parameter is also studied.

Keywords: String Duality, Brane Dynamics in Gauge Theories, Gauge Symmetry, Non-Commutative Geometry.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep062003056 /jhep062003056 .pdf

Contents

1. Introduction 1

2. The algebra and the star product 2

3. The coordinate transformation and equivalence map 4

4. The Seiberg-Witten map 6

5. Conclusions 9

1. Introduction

Recently there has been much interest in time-dependent backgrounds [1]–[12]. One of the examples which has been studied is a null-brane orbifold [1, 2, 3] of the four-dimensional Minkowski space. In [6] Sethi and Hashimoto compute the noncommutativity parameter θ^{ij} for such a background, by following the procedure introduced in [13, 14] to compute the commutation relations of the space-time coordinates. The string derivation of this is in [15, 16].

The starting point of the present paper is open strings ending on a D3-brane in the presence of a time-dependent non-constant Neveu-Schwarz B-field background. The geometry which is considered is an orbifold of flat space, in which the time direction enters non-trivially. More precisely, it is called a null-brane orbifold, because the element by which the quotient is taken is a null-boost [2, 3]. In perturbation theory evolution of strings in these kinds of backgrounds can be singular at the origin of time [4, 5] due to the strong gravitational backreaction, but here only the corresponding Yang-Mills theory for a large B-field in the scaling limit α^′ → 0 is studied. Following a procedure introduced in [13, 14], Sethi and Hashimoto [6] first consider a T-duality, then a twist, and finally another T-duality. With this method they determine the noncommutativity parameter θ^{ij}, which fixes the commutation relations of the coordinates on the brane. This automatically allows them to get a coordinate transformation relating their θ^{ij} to a constant background (see section 3). In string theory the noncommutativity parameter is defined by considering the equations of motion and computing the corresponding normal mode expansion for the open strings ending on a D3-brane, then calculating the world-sheet propagator and finally taking a certain limit of it as outlined in [15, 16].

It turns out that in this particular example θ^{ij} has a linear dependence on the spacetime coordinates, i.e. it defines an algebra of the Lie algebra type. It is an interesting example, since it is an algebra with particularly simple properties, for which one of the coordinates is central and the higher commutators of any element vanish. This makes it possible to perform many computations explicitly.

– 1 –

This paper is divided as follows. In section 2 the algebra [6] is recalled and the corresponding Kontsevich star product [17], which generalizes the Weyl-Moyal star product when θ^{ij} is not constant, is calculated by the Weyl quantization procedure [18, 19, 20]. In section 3 an equivalence map [17] in the sense of deformation quantization of this star product with the Weyl-Moyal star product for a certain algebra with constant θ^{ij} is constructed. This is possible because for the null-brane orbifold there is a coordinate transformation [2, 3] relating the two descriptions. Finally, in the last section the Seiberg- Witten map [16], which expresses a gauge theory defined on a noncommutative space-time in terms of a corresponding commutative gauge theory, is computed for this background to the lowest non-trivial orders in θ^{ij}. It is verified that while there are no corrections due to the time-dependence of θ^{ij} for the gauge parameter Λ to the first order in θ^{ij}, there are to the second order. For the gauge field a_i there are time-dependent corrections already to the first non-trivial order in θ^{ij}. In order to obtain these results the cohomological method discussed in [21, 22] is used.

2. The algebra and the star product

In this paper the Seiberg-Witten map for the four-dimensional noncommutative timedependent background obtained in [6, 7] by T-duality of a null-brane orbifold [1, 2, 3] is studied.

The algebra A formed by the coordinates is generated by {x^+, x^−, x, z} with relations

[x^i, x^j ] == i θ^{ij} (2.1)

where x^i ∈ A, for i = 1, . . . , 4, i.e. x^1 = x^+, x^2 = x^−, x^3 = x, x^4 = z, θ^{xz} = −θ^{zx} = ~Rx^+ , θ^{x−z} = −θ^{zx−} = ~Rx (2.2) and all the other components of θ^{ij} vanish. Here ~R is constant and the orbifold identifications are

x^+ ∼ x^+ ;

x ∼ x + 2πx^+ ;

x^− ∼ x^− + 2πx + 1 2 (2π)^2x^+ ; z ∼ z + 2π ~R . (2.3)

The algebra defined by (2.1), (2.2) is of the Lie algebra type, since the commutation relations of the coordinates are linear and the Jacobi identity is satisfied. Moreover, it is nilpotent (thus solvable), in the sense that the third commutator of any four elements of A vanishes [ x^i, [ x^j , [ x^k, x^l ]]] = 0 ∀x^i ∈ A . (2.4)

A further observation is that x^+ is in the center of A. For these reasons it is a particular interesting example, because these properties ensure that many computations can be actually carried out explicitly.

– 2 –

As a first step, the explicit formula for the Kontsevich star product [17] corresponding to this algebra is calculated, by using the Weyl quantization procedure [18, 19, 20]. The result, which will be derived below in (2.9)–(2.13), is f ⋆ g = f exp ( i 2 ~Rx^+ (_← ∂ x^→∂ z −^←∂ z^→∂ x ) + i 2 ~Rx (_← ∂ x−^→∂ z −^←∂ z^→∂ x− ) +

+ 1 12 ~R^2x^+ (_← ∂_x−^←∂ z^→∂ z −^←∂ z^←∂ z^→∂_x− −^←∂_x−^→∂ z^→∂ z +^←∂ z^→∂_x−^→∂ z )) g . (2.5)

In order to compare this result with Kontsevich’s formula explicitly, it can be seen that to the second order in θ^{ij} (2.5) reduces to f ⋆ g = f g + i 2 ~Rx^+ (∂_xf ∂_zg − ∂_zf ∂_xg) + i 2 ~Rx (∂_{x−} f ∂_zg − ∂_z f ∂_{x−} g) − − 1 8 ~R^2(x^+)^2 (∂^2_xf ∂^2_z g + ∂^2_z f ∂^2_xg − 2∂_x∂_zf ∂_x∂_zg) − − 1 8 ~R^2x^2 (∂^2_{x−} f ∂^2_z g + ∂^2_z f ∂^2_{x−} g − 2∂_{x−} ∂_zf ∂_{x−} ∂_zg) + + 1 4 ~R^2x^+x (−∂_{x−} ∂_xf ∂^2_z g + ∂_x∂_zf ∂_{x−} ∂_zg + ∂_{x−} ∂_zf ∂_x∂_zg − ∂^2_z f ∂_x∂_{x−} g) + + 1 12 ~R^2x^+ (∂_{x−} ∂_zf ∂_zg − ∂^2_z f ∂_{x−} g − ∂_{x−} f ∂^2_z g + ∂_zf ∂_{x−} ∂_zg) + · · · (2.6)

which coincides with Kontsevich’s expression [17] to this order. f ⋆g = f g+ i 2 θ^{ij}∂_if∂_jg− 1 8 θ^{ij}θ^{kl}∂_i∂_kf∂_j ∂_lg− 1 12 θ^{ij}∂_j θ^{kl} (∂_i∂_kf∂_lg − ∂_kf∂_i∂_lg)+· · · (2.7) The star product (2.5) is associative and the θ^{ij} appearing in (2.2) satisfies the Jacobi identity [6] θ^{ij}∂_j θ^{kl} + θ^{kj}∂_j θ^{li} + θ^{lj}∂_jθ^{ik} = 0 . (2.8)

In this particular example the star product (2.5) can be computed by simply applying the Weyl quantization procedure [18, 19], following the method of [20]. Starting from the Fourier transform of a function f(x^i), with x^i commutative variables

f̃(k) = 1 (2π)^{d/2} ∫ dxe^{−ikj xj} f(x) (2.9) the Weyl operator associated to f(x^i) is defined as

W (f) = 1 (2π)^{d/2} ∫ dke^{ikix̂i}f̃(k) (2.10) where the commutative variable x^i is replaced with x̂^i ∈ A. Here d is the space-time dimension. In this way a particular ordering of the elements x̂^i ∈ A is picked, i.e. the most symmetric one. Moreover, if the product of two such operators W (f)W (g) is considered W (f)W (g) = 1 (2π)^d ∫ dk dpe^{ikix̂i} e^{ipjx̂j} f̃(k) g̃(p), (2.11)

– 3 – then the star product f ⋆g can be constructed as the function corresponding to W (f)W (g), i.e. f ⋆ g == 1 (2π)^d ∫ dk dp e^{i(kj +pj +gj (k,p))xj} f̃(k) g̃(p) , (2.12) where the expression of g_j (k, p) is obtained through the Baker-Campbell-Hausdorff formula for the product of two exponentials

e^Ae^B = e^{(A+B+ 12 [A,B]+ 112 [A−B,[A,B]]+···)} (2.13)

applied to A = k_ix̂^i, B = p_jx̂^j .

For the algebra A defined in (2.1) and (2.2) the triple commutator of any four elements vanishes (2.4). Therefore in the formula (2.13) the contribution from the ellipses vanishes and the result (2.5) for the star product is obtained.

3. The coordinate transformation and equivalence map

For the example (2.1), (2.2) an equivalence map to a background with constant θ^{ij} is now constructed. According to [2, 3, 6] the same background described by (2.1), (2.2) can be described also in terms of another algebra generated by the elements {y^+, y^−, ỹ, z} with commutation relations [ y^i, y^j ] = i θ̃^{ij} (3.1)

where y^1 = y^+, y^2 = y^−, y^3 = ỹ, x^4 = z,

θ̃^{ỹz} = −θ̃^{zỹ} = ~R (3.2)

for ~R constant, and the other components of θ̃^{ij} vanish.

The map σ relating the two algebras is

x^+ = y^+ ; x = y^+ ( ỹ + ~Rz ) ; x^− = y^− + 1 2 y^+ ( ỹ + ~Rz )_2 . (3.3)

The orbifold identification (2.3) in the new variables becomes

y^+ ∼ y^+v ;

ỹ ∼ ỹ + 2π ; y^− ∼ y^− ; z ∼ z + 2π ~R . (3.4)

It can be noticed that the coordinate transformation (3.3) is not linear and that it is singular for x^+ = y^+ = 0.

According to Kontsevich’s formality theorem [17], where σ is well-defined, the star products ⋆ and ~⋆ corresponding to θ^{ij} in (2.2) and θ̃^{ij} in (3.2) respectively are equivalent up to the coordinate transformation σ.

– 4 –

This means that if the coordinate transformation (3.3) is applied to the Weyl-Moyal product f~⋆g = fe i 2 ~R (_← ∂_ỹ^→∂_z −^←∂_z^→∂_ỹ ) g (3.5) associated to θ̃^{ij}, then the new star product f ⋆^′ g = f ⋆ g − 1 24 ~R^2x^+ (∂_{x−} f∂^2_z g + ∂^2_z f∂_{x−} g + 2∂_z ∂_{x−} f∂_zg + 2∂_zf∂_z∂_{x−} g) + · · · (3.6)

has to be equivalent to ⋆ defined in (2.5).

Notice that to obtain (3.6) the following relation

∂_ỹ = x^+∂_x + x∂_x− (3.7)

has been used, which follows from (3.3).

Two star products are equivalent if there exists an equivalence map R, i.e. a differential operator, such that f ⋆^′ g = R^{−1} (R(f) ⋆ R(g)) . (3.8) R and the star products are expanded in powers of θ

R(f) = f + R^{(1)}(f) + R^{(2)}(f) + · · · (3.9) and f ⋆ g = fg + B^{(1)}(f, g) + B^{(2)}(f, g) + · · · f ⋆^′ g = fg + B^{′(1)}(f, g) + B^{′(2)}(f, g) + · · · (3.10)

Here R^{(n)}, B^{(n)}, B^{′(n)} denote the contribution of order n in θ^{ij}. Then (3.8) becomes

B^{′(1)}(f, g) = B^{(1)}(f, g) + R^{(1)}(f) g + f R^{(1)}(g) − R^{(1)}(f g) , B^{′(2)}(f, g) = B^{(2)}(f, g) + R^{(2)}(f) g + f R^{(2)}(g) − R^{(2)}(f g) − −R^{(1)} ( B^{(1)}(f, g) ) + R^{(1)} ( R^{(1)}(fg) ) + R^{(1)}(f) R^{(1)}(g) − +B^{(1)} ( R^{(1)}(f), g ) + B^{(1)} ( f, R^{(1)}(g) ) . (3.11)

In this case the equivalence map to the fourth order in θ^{ij} is found to be

R^{(1)}(f) = 0, R^{(2)}(f) = − 1 24 ~R^2x^+∂_{x−} ∂^2_z f = 1 24 θ^{zx}∂_xθ^{x−z}∂_x− ∂^2_z f , R^{(3)}(f) = 0, R^{(4)}(f) = 1 1152

~R^4(x^+)^2∂^2_{x−} ∂^4_z f = 1 2 (R^{(2)})^2(f) , (3.12)

which suggests that the equivalence map is actually generated by the flow of R^{(2)}, i.e. R f = e^{− 124 ~R2x+∂x− ∂2z} f . (3.13) It can be seen that it is singular for x^+ = y^+ = 0.

The equivalence of the star product (2.5) to the Weyl-Moyal product θ̃^{ij} is what guarantees that it is associative and hence that the Jacobi identity (2.8) is satisfied.

– 5 –

4. The Seiberg-Witten map

The Seiberg-Witten (SW) map [16] relating the commutative and noncommutative gauge theories for the star product (2.5) is now derived. In order to achieve this, the covariant coordinates X^i = x^i + A^i(x^j ) , i = 1, . . . , d (4.1) are introduced, according to [23] and [24, 25, 20]. Here d is the space-time dimension, in this case d = 4. The name covariant coordinates is justified by the observation that they are required to transform like δX^i = i [ Λ^⋆, X^i ] ≡ i ( Λ ⋆ X^i − X^i ⋆ Λ ) (4.2)

under an (infinitesimal) noncommutative gauge transformation δ with gauge parameter Λ. The gauge potential A^i in (4.1) is required to transform like δA^i = i [ Λ^⋆, x^i ] + i [ Λ^⋆, A^i ] . (4.3)

It is a non-trivial result [20] that for the case of θ^{ij} in (2.2), which is linear, it is consistent to identify i[Λ^⋆, x^i] = θ^{ij}∂_j Λ in (4.3), because it is possible to write [x^{i ⋆}, f] = i θ^{ij}∂_j f for any f(x^i), where the Jacobi identity is used to verify the Leibniz rule, and the index of the derivative is raised with θ^{ij}.

The eqs. (4.2) and (4.3) guarantee that for a scalar field Ψ(x^i) transforming as δΨ = 0 the following is true δ(X^i ⋆ Ψ) = iΛ ⋆ (X^i ⋆ Ψ) . (4.4) It is necessary to introduce the covariant coordinates through the shift (4.1), because, unlike for a commutative gauge theory, on a noncommutative space δ(x^i ⋆ Ψ) = ix^i ⋆ Λ ⋆ Ψ ≠ iΛ ⋆ x^i ⋆ Ψ.

The gauge parameter Λ is required to transform under δ as

δΛ = iΛ ⋆ Λ . (4.5)

The SW map is constructed by considering the noncommutative gauge potential A^i = A^i(a_j , ∂^na_j ) and the noncommutative gauge parameter Λ = Λ(λ, ∂^nλ, a_i, ∂^na_i) as functions of the commutative gauge potential a_i, the commutative gauge parameter λ and their derivatives. The functional dependence is defined by the equations (4.3) and (4.5). Notice that throughout this section the convention is used, that quantities with capital letters such as A^i, Λ refer to the noncommutative theory, while quantities such as a_i, λ with lower case letters refer to the corresponding commutative theory.

In order to solve the equations (4.3) and (4.5), a cohomological method can be used, as it has been discussed in [21]. Even if θ^{ij} in (2.2) is linear and not constant, in this case this technique still works. Here, the main results of [21] are briefly recalled.

The gauge parameter Λ is promoted to a ghost field and δ to a BRST operator, which satisfies

δ^2 = 0 , [δ, ∂_i] = 0 , δ(f_1f_2) = (δf_1)f_2 + (−1)^{deg(f1 )}f_1(δf_2) , (4.6)

where deg(f) gives the ghost number of the expression f.

– 6 –

The noncommutative gauge parameter and gauge potential can be expanded in powers of θ^{ij}:

Λ = λ + Λ^{(1)} + · · · , A^i = θ^{ij}a_j + A^{i(2)} + · · · (4.7)

In this formalism the index of the lowest order term of the gauge potential is raised with θ^{ij}, so that the first non-trivial order in the expansion of A^i is the second.

The equations (4.5) for Λ and (4.3) for A^i become

δΛ^{(n)} − i { λ, Λ^{(n)} } = M^{(n)} , δA^{i(n)} − i [ λ, A^{i(n)} ] = U^{i(n)} , (4.8)

where M^{(n)} and U^{i(n)} collect all the terms of order n which do not contain Λ^{(n)} and A^{i(n)} respectively. In order to solve (4.8) it is useful to introduce the new operator Δ Δ = { δ − i{λ, ·} on odd quantities , δ − i[λ, ·] on even quantities ,

(4.9)

which is nilpotent, obeys the same Super-Leibniz rule as δ, and commutes with the covariant derivative D_i = { ∂_i · −i{a_i, ·} on odd quantities , ∂_i · −i[a_i, ·] on even quantities .

(4.10)

With the notation b_i ≡ ∂_iλ, it can be seen that Δa_i = b_i, Δb_i = 0. It is not possible to invert the nilpotent operator Δ to solve (4.8), but, following [21], if an homotopy operator K is introduced such that KΔ + ΔK = 1 , (4.11)

then for a quantity m such that Δm = 0 the equation Δf = m is solved by f = K m + s for any s such that Δs = 0.

As in the case of constant θ^{ij} to construct K, the first step is to introduce the operator L, which obeys the Super-Leibniz rule and satisfies

L b_i = a_i , L a_i = 0 (4.12)

then define K = D^{−1}L, where D^{−1} is a linear operator which when acting on a monomial of total order d in a and b multiplies that monomial by 1/d. Both L and δ do not act on θ^{ij}, i.e. δθ^{ij} = 0 and Lθ^{ij} = 0.

The nilpotency of Δ implies the consistency condition for M^{(n)} and U^{(n)}

ΔM^{(n)} = 0 , ΔU^{i(n)} = 0 . (4.13)

There are no corrections to the first order term Λ^{(1)} of Λ due to the time-dependence of θ^{ij}, because the Kontsevich star product (2.7) does not contain terms in ∂_iθ^{kl}. Therefore, to the first order the known expression Λ^{(1)} =^1_4 θ^{kl}{b_k, a_l} [16] is recovered.

However, there is a correction to the second order term. If Λ^{(2)} is split in Λ^{(2)} = Λ^{′(2)} + Λ^{′′(2)} with Λ^{′(2)} denoting the known terms (see e.g. [26, 27, 21]) which do not

– 7 – depend on derivatives ∂_kθ^{ij} of θ^{ij}, and Λ^{′′(2)} denoting the correction due to the fact that θ^{ij} is not constant, then

Λ^{′′(2)} = − 1 4 θ^{ij}∂_jθ^{kl} ( 1 6 ({a_i, {b_k, a_l}} + i[D_ia_k, b_l] − i[D_ib_k, a_l]) + + 1 9 ([[a_i, b_k], a_l] − [[a_i, a_k], b_l]) ) (4.14)

which in this case becomes

Λ^{′′(2)} = 1 4 ~R^2x^+ ( 1 6 ({a_z, {b_x− , a_z}} + i[D_z a_x− , b_z] − i[D_z b_x− , a_z])+ + 1 9 ([[a_z , b_x− ], a_z ] − [[a_z, a_x− ], b_z]) − 1 6 ({a_z, {b_z , a_x− }} + +i[D_za_z, b_x− ] − i[D_zb_z, a_x− ]) − 1 9 ([[a_z , b_z], a_x− ] − [[a_z, a_z], b_x− ]) ) . (4.15)

The expression (4.14) for Λ^{′′(2)} is determined by solving the equation

ΔΛ^{′′(2)} = M^{′′(2)} ≡ − 1 4 θ^{ij}∂_j θ^{kl} ( 1 2 [b_i, {b_k, a_l}] + 1 3 {iD_ib_k − [a_i, b_k], b_l} ) , (4.16)

since M^{(n)} can be also split in a part M^{′(n)} which does not depend on derivatives of the noncommutativity parameter and a correction M^{′′(n)} due to the fact that θ^{ij} is not constant and then the two equations ΔΛ^{′(n)} = M^{′(n)} and ΔΛ^{′′(n)} = M^{′′(n)} can be solved separately. In particular M^{′(n)} satisfies the consistency condition (4.13) ΔM^{′(2)} = 0 by itself, therefore M^{′′(2)} has to satisfy it by itself as well. This is ensured by the Jacobi identity (2.8) for θ^{ij}.

ΔM^{′′(2)} = 1 6 θ^{ij}∂_jθ^{kl}(b_ib_kb_l + b_kb_lb_i + b_lb_ib_k) = 0 . (4.17)

An analogous computation can be done for the gauge potential. Splitting again A^{i(n)} = A^{′i(n)} + A^{′′i(n)} in a part A^{′i(n)} which does not depend on ∂θ and in a part A^{′′i(n)} which does, then the result A^{′i(2)} = −^1_4 θ^{ij}θ^{kl}{a_k, ∂_la_j + F_{lj} } [16] is recovered, with F_{lj} the field strength. The lowest order correction due to the fact that θ^{ij} is time-dependent is found to be A^{′′i(2)} = − 1 4 θ^{kl}∂_lθ^{ij}{a_k, a_j } , (4.18) which in this case means

A^{′′i(2)} = 1 4 ~R2x+{a_z, a_z} for i = x− , −^1_4 ~R^2x^+{a_z, a_x− } for i = z , 0 otherwise .

(4.19)

The result (4.18) can be obtained by applying the homotopy operator K to U^{′′i(2)} and thus solving the equation

ΔA^{′′i(2)} = U^{′′i(2)} ≡ 1 4 θ^{ij}∂_j θ^{kl}{b_k, a_l} − 1 2 θ^{kl}∂_lθ^{ij}{b_k, a_j } . (4.20) Again, the consistency condition ΔU^{′′i(2)} = 0 is guaranteed by the Jacobi identity for θ^{ij}.

– 8 –

Notice that the expressions (4.14) and (4.18) for Λ^{′′(2)} and A^{′′i(2)} are valid for a general non-abelian gauge group, but they reduce to the known expressions given in [25] in the case of an abelian gauge theory.

For simplicity the correction to the next order of A^i due to the fact that θ^{ij} is not constant is computed here only in the abelian case, even though in principle it would be possible to solve it even in the more general non-abelian case. The result is

A^{′′i(3)} = 1 4 ( − 4 3 θ^{ij}∂_j θ^{rs}θ^{kl}a_ka_r(∂_la_s)_S + θ^{sj}∂_j θ^{ir}θ^{kl}a_ka_r ( f_{ls} + 2 3 (∂_la_s)_S ) +

+ θ^{rj}∂_j θ^{si}θ^{kl}a_ra_k ( 2f_{sl} − 4 3 (∂_la_s)_S )) + + 1 12 θ^{ij}θ^{kl}∂_lθ^{rs}a_ka_s (5f_{jr} − 2(∂_j a_r)_S ) + 1 6 θ^{kl}∂_lθ^{rs}∂_sθ^{ij}a_ka_ra_j , (4.21) where (∂_la_s)_S =^1_2 (∂_la_s + ∂_sa_l) is the symmetrized derivative of the gauge potential and f_{ls} = ∂_la_s − ∂_sa_l is the abelian field strength. The expression (4.21) can be found by applying K to

U^{i(3)} = θ^{ij}∂_jΛ^{(2)} − 1 2 θ^{kl} { b_k, ∂_lA^{i(1)} } − 1 2 θ^{kl} { ∂_kΛ^{(1)}, ∂_l(θ^{ij} a_j) } . (4.22)

Again, the consistency condition ΔU^{′′i(3)} = 0 is verified because of the Jacobi identity for θ^{ij}. Moreover, it is necessary to apply the constraints ∂_ib_j = ∂_j b_i and ∂_ia_j =^1_2 f_{ij} + (∂_ia_j )_S by hand, as explained in [21], in order to obtain (4.21).

The results (4.14), (4.18) and (4.21) for Λ^{′′(2)}, A^{′′i(2)} and A^{′′i(3)} respectively are valid in the general case of a linear θ^{ij} which satisfies the Jacobi identity.

5. Conclusions

Time-dependent backgrounds have recently attracted much attention in string theory [1]– [11]. Although it can be difficult to interpret singular time-dependent backgrounds in string perturbation theory [4, 5], here only the scaling limit at the level of the corresponding noncommutative gauge theory is considered.

The results for the SW map in section 4 are a generalization to higher orders in θ^{ij} of the formula (105) in [7]. For an algebra related to (2.1), (2.2), the corresponding noncommutative gauge theory and its relations to matrix theory are studied in [12].

The equivalence map in section 3 could be used in principle, where it is not singular, i.e. outside x^+ = y^+ = 0, to map the results known for the case of constant θ^{ij} to the case of the algebra (2.2), (2.1).

Acknowledgments

BLC would like to thank P. Aschieri, L. Dolan, O. Ganor, B. Jurčo, L. Möller, J. Wess, B. Zumino for very useful discussions. BLC was supported in part by US Department of Energy, grant DE-FG 05-85ER-40219/Task A. BLC would like to thank B. Zumino for the invitation to Berkeley and J. Wess for the invitation to Munich.

– 9 –

References

[1] J. Figueroa-O’Farrill and J. Simon, Generalized supersymmetric fluxbranes, J. High Energy Phys. 12 (2001) 011 [hep-th/0110170].

[2] H. Liu, G. Moore and N. Seiberg, Strings in a time-dependent orbifold, J. High Energy Phys.

06 (2002) 045 [hep-th/0204168].

[3] H. Liu, G. Moore and N. Seiberg, Strings in time-dependent orbifolds, J. High Energy Phys.

10 (2002) 031 [hep-th/0206182].

[4] L. Cornalba, M.S. Costa and C. Kounnas, A resolution of the cosmological singularity with orientifolds, Nucl. Phys. B 637 (2002) 378 [hep-th/0204261].

[5] G.T. Horowitz and J. Polchinski, Instability of spacelike and null orbifold singularities, Phys.

Rev. D 66 (2002) 103512 [hep-th/0206228].

[6] A. Hashimoto and S. Sethi, Holography and string dynamics in time-dependent backgrounds, Phys. Rev. Lett. 89 (2002) 261601 [hep-th/0208126].

[7] K. Dasgupta, G. Rajesh, D. Robbins and S. Sethi, Time-dependent warping, fluxes and NCYM, J. High Energy Phys. 03 (2003) 041 [hep-th/0302049].

[8] M. Alishahiha and S. Parvizi, Branes in time-dependent backgrounds and AdS/CFT correspondence, J. High Energy Phys. 10 (2002) 047 [hep-th/0208187].

[9] L. Dolan and C.R. Nappi, Noncommutativity in a time-dependent background, Phys. Lett. B 551 (2003) 369 [hep-th/0210030].

[10] R.-G. Cai, J.-X. Lu and N. Ohta, NCOS and D-branes in time-dependent backgrounds, Phys.

Lett. B 551 (2003) 178 [hep-th/0210206].

[11] C. Bachas and C. Hull, Null brane intersections, J. High Energy Phys. 12 (2002) 035 [hep-th/0210269].

[12] D.A. Lowe, H. Nastase and S. Ramgoolam, Massive IIA string theory and matrix theory compactification, hep-th/0303173.

[13] A. Connes, M.R. Douglas and A. Schwarz, Noncommutative geometry and matrix theory:

compactification on tori, J. High Energy Phys. 02 (1998) 003 [hep-th/9711162]. [14] M.R. Douglas and C.M. Hull, D-branes and the noncommutative torus, J. High Energy Phys.

02 (1998) 008 [hep-th/9711165].

[15] V. Schomerus, D-branes and deformation quantization, J. High Energy Phys. 06 (1999) 030 [hep-th/9903205].

[16] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys.

09 (1999) 032 [hep-th/9908142].

[17] M. Kontsevich, Deformation quantization of poisson manifolds, i, q-alg/9709040. [18] J.E. Moyal, Quantum Mechanics as a Statistical Theory, Proc. Cambridge Phil. Soc.45 (1949) 99.

[19] H.J. Grönewold, On the principles of elementary quantum mechanics, Physica 12 (1946) 405. [20] J. Madore, S. Schraml, P. Schupp and J. Wess, Gauge theory on noncommutative spaces, Eur. Phys. J. C 16 (2000) 161 [hep-th/0001203].

– 10 –

[21] D. Brace, B.L. Cerchiai, A.F. Pasqua, U. Varadarajan and B. Zumino, A cohomological approach to the non-abelian Seiberg-Witten map, J. High Energy Phys. 06 (2001) 047 [hep-th/0105192].

[22] D. Brace, B.L. Cerchiai and B. Zumino, Non-abelian gauge theories on noncommutative spaces, Int. J. Mod. Phys. A17S1 (2002) 205–217 [hep-th/0107225].

[23] N. Seiberg, A note on background independence in noncommutative gauge theories, matrix model and tachyon condensation, J. High Energy Phys. 09 (2000) 003 [hep-th/0008013].

[24] B. Jurco and P. Schupp, Noncommutative Yang-Mills from equivalence of star products, Eur.

Phys. J. C 14 (2000) 367 [hep-th/0001032].

[25] B. Jurco, P. Schupp and J. Wess, Nonabelian noncommutative gauge theory via noncommutative extra dimensions, Nucl. Phys. B 604 (2001) 148 [hep-th/0102129].

[26] S. Goto and H. Hata, Noncommutative monopole at the second order in theta, Phys. Rev. D 62 (2000) 085022 [hep-th/0005101].

[27] B. Jurco, L. Moller, S. Schraml, P. Schupp and J. Wess, Construction of non-abelian gauge theories on noncommutative spaces, Eur. Phys. J. C 21 (2001) 383 [hep-th/0104153].

– 11 –